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SOFT ELASTIC SHELLS UNDERGOING LARGE DEFORMATIONS®

K.M. KYLATCHANOV and K.F. CHERNYKH

Soft shells made of elastomers and undergoing large deformations under
load are studied. The inverse design problem, non-linear under large
deformations, is solved. The results obtained are illustrated on a two-
parameter shell of revolution fabricated from a two-constant material.
The problems of coupling the biaxial and uniaxial zones of the shell and
of designing the composite shell are clarified. Amongst the papers
dealing with the theory of soft shells and, generally, under small
deformations, /1~7/ merit attention.

1. The equations of the equilibrium of the zero-moment theory of thin shells have the
form /8, 9/

61/5:‘]“0 _;_I‘?}f,]’?TV”‘*‘ Vag=0 (1.1)
b‘\'ﬂ Va—eTVB +]f29n=0 (], V|ﬁ=112)

Here and henceforth the repeated Greek indices denote summation from 1 to 2.
For an incompressible material we have

ri= | G+ (B g — B g )@V

Gy (1.2)
hy=(aja) =B, A=aPay (a°=la.°], a=]a;}) (1.3)
(#; is the extension factor of the transverse fibre and @ = @ ., is the value of the
elastic potential on the middle surface of the shell).

The practice of the analysis of thin-walled technical resin items has shown that the
deformation of incompressible elastomers is well described by the three-constant elastic
potential

V=2 [(1 + B (" + 2" + 0"~ 8) = (1= B) (1" + 237 — 1" — 3)] (1.4)

Here 7,, », are the principal extension factors of the middle surface. We also have
A=1422 0% B=13%0% i=17"07 (1.5)
Jae=1{(4 =28 )t (4 —20")"]
For a three-constnat elastic potential the elastic law assumes the form
Tt A e

=*.——.—i’l—‘ﬁ+(1—-f})}.ll/~g ](ln'i— (16)

Wi rTd bl — hat

(e 2 o B [ % — ™t — (= 20 ] =

(e By 777702 = Rg¥7a " (g = Ra?) i 2" [}

On the principal axes of deformation a%* = ¢*® = 0. a" = a7, and
TH=pl 0 [l = p = (L =B)i ) ey (0 — 2" an® (1.7)
TR=p 0 — p— (1 —-P)ra) 207 (07 =1 e, TH=0
In particular, for a neo-Hookean material (B =1,n=2)
T = ph° (a®/ — B 1a") (1.8)

and on the principal axes we have
TR = ph* (1 — 2" an®, T2 =ph*(1 — 20" e", T12=0

The shell thickness as before and after deformation (k° and h) are connected, in the
case of an incompressible material, by the relation

b= heh®=(a/a%)" k°=0"A A, (1.9)

The physical components of the inherent stress tensor referred to the metric of the
deformed middle surface are found from the formulas
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1f r = 1,8, 1,g,+ 7y7sYepresents the radius vector of a point on the middle surface in the
rectangular Cartesian coordinate space, then (Fig.l)
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The corresponding relations for the undeformed middle surface follow from the above formulas
by adding the superscript °.

The contravariant components of the stress tensor are connected with its principal values
by the relations

an T = cos®pt, — siufyl,, @y, TH = sinyty - cost 4, (1.11)

P anag I = sin v cos v {f; — 1)

where y is the angle between the first coordinate line and the first coordinate direction.

2. as we know /1, 2/, the soft shells have very low flexural rigidity and do not, there-
fore, take up any compressive stresses. A soft shell may have biaxial zones {in which the
principal stresses are positive), and uniaxial zones (in which one of the principal stresses
is positive and the other is vanishingly small so that it can be assumed equal to zero).

Suppose for example /1/

eF ® 00t = @0
in the uniaxial zones. Taking the orthogonal lines of the principal stresses as the coordinate

lines in the uniaxial zones we obtain (for y = () from (1.11)

TH = g7y, T = T2 = 2.2
and the equilibrium Egs.(1l.1) under ncrmal pressure (g, = ¢ = const. ¢! = ¢* = () take the form

1 gVenye It 0 Ve i ay’an Tru_g
1,'0’; onl ? an ga?
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The second of these equationg yields
a,; = ay; (&%) (2.4)
i.e. the first coordinate line is & geodesic. From the first and third equation we have

ey, G (ad) , 1 - t/ﬁ:-; -
Vo =g =t 2.3)

i3

Another three equations yield the Codazz-Gauss /6/ relations which can be written, taking
both Eq.(2.4) and the second relation cf (2.5} into account, in the form

8t Ven 8Ven 26
622 \R,g/ 2 (2% V'T{; Aml {2. )
1 8 flay
- el o ==
gus ( i) ;0 e, a3 oud b Ru}
2 (a]/a )=__'r"'1':—2[ Va: 1 ]
Van ool \ Vg, 620 L) Ay Rt
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3. One of the fundamental problems for a soft shell is that of design., We reguire to
design (plan) the shell such that it takes the necessary form under the given loads and support
conditions. Since the geometry of the shell and the load are both given, the system of three
eguilibrium equations is linear with respect to the forces sought

V?Tu, V?T‘*=V?T“, V?’T“
In the case of an incompressible material we obtain, from (1.2) and (1.9), a system of

three (essentially different) non-linear algebraic equations for determining the metric tensor
of the undeformed middle surface

8 i 80> ap° \ o Y&
e (B — ) = L @.1)

The above relation, taking Egs.{1.5) and the obvious relation a%faz == 2 into account,
gives the following invariance relations:

o a® oD
e (B i W) = el (3.2)

(B — 4 2) (25 — o — (p22] — - (aaps™®)

Having found the invariants 2 and B from the non-linear algebraic ststem given above, we
obtain from (3.1} and (1,10)

oi§ iJ N

Ty 90° o 80° av°

= (a5 a;r)] A @-3)
ay° == aB 1a"®, a3 =-vaB 152 g,°=gB g 3.4

In particular, for the neo-Hookean law (1.8) we have

B® — bap™? [fHf22 — (f12)2] B2 — 2a4p /%18 — 1 = 0
0i) e B=1517 VF T“j
a%’ == Blg 4-7337§—

4. The formulas obtained can alsc be used for the uniaxial zone. Thus relations (2.2}
and first relation of (2.5) yield

1 9@ 12— f22 o 44
f TPVl fir=1 0 (4.1)

and, since a'® =0, it follows from the relations {3.3), (3.4) that g,° = 0. Thus the material
coordinate lines are principle (and orthogonal) for the deformation tensor. Mereover, according
to (1.10) we have

Va@=Van'a:, a=1jay’, a@=10n° (@P=0;"=0) (4.2)
]/E = ]r? MAsy, all= 1/(7,120.110), a%? = 1/(}420,2;) (al'.' = Qy== 0)

and from {4.1) and (3.3} we have

a0° .y OO a° s e, o=
Rgzm-——(BTg——-Blm—z-} —62—, 1,12&/.2'+q/—a—A— (43}

g = ge; () (Zhay,)
The invariants are found from the set of Egs. (3.2) whose right-hand sides have the form

]/'3-,2@ and -—(a,,3%)'4 respectively, while for the neo-Hookean law we have

Ml= B, pp=pi4 S g gl p_4_g
* " + s phVan

5. 1In the case when the principal coordinate lines are lines of curvature, /6/, R,"1=0
and the second Codazz-Gauss relation (2.6) yields Vag= ¢ (a)) ¢ (af). Substituting the expression
obtained into the remaining two equations and carrying out the transformations with the help
of relations (2.5), we cbtain

Ryt = gy (&), Byt = Yy Iy (%) — 1, (@) BY) 5.9
VT =g (@)Y on, ou=on (e}

Here ay (a!), ¢, (o?) are arbitrary functions, R is an arbitrary constant and ¢ @) is a
solution of the equation
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e,/ (Y ayydat)d + Vg (63 — R ) = 0 (5.2)
6. cConsider the axisymmetric deformation of a shell of revolution (Fig.2). We have
al =% a?=0° 6.1)
By virtue of the assumption that the deformation is axisymmetric, we have
z,° = r°(s°) cos 6°, z,° = r° (s°) sin 6°, z,° = z,° (s°) (6.2)

= r (s°) cos 8°, z, = r (s°) sin 0°, z; = x4 (5°)
Let A, (=A,), 4g (=1,;) be the principal extension factors along the meridianal and peripheral
directions. Fig.3 and its analogue for the deformed configuration imply (' = 8/8s°)
r =cos g’ 2" = —s8ing® r' =hA,cos¢q, I’ = —A,sin¢g (6.3)
= ds'ds®, hg=rr’
According Egs. (6.2) and (1.10) we have
a,,° =1, a,,° =% a° = r% o™ =1,a" = 1/r"? (6.4)
an =75 g =r"he’, =(r"hhg), alt=A"', a¥=(r"%¢)™
Iy!=iy, Twt=1, cos@/(r’he), Tal= —r°A"Agcosq,
Fy?=Tat=Tp*=0
1 by sl s

1 bes ) o5 -1
= — ——— == — —— A b =0
N ™ vl T P sin g (r4¢)”, b1z

Taking the above relations into account, we can write the solution of the equilibrium
Egs.(1.1) inthe form

el Skt e - k+ 72 dg i
/~9173=M.’10 [m], /-SITO'—‘HhO [—m—a—: + 2m] (65)

(Te = 7,T, Tg=r2rgT*%)
where the following dimensionless quantities were used:
F=riRg § =sRo k=P(gR), 5 = qR,(2ph) (6.6)

Here R, is the characteristic linear dimension of the middle surface or the radius of
its curvature, ¢ is the uniform pressure and 21P is the excess pressure. If the shell is
covered from the top and only the normal pressure acts, then P =0 and k= (.

3

Fig.2 Fig.3
Using the relations (1.7), (6.4) and (6.5) we cbtain the following:
Yol =B =1 —B) e ]()"—D‘)—f (6.7)
T, =B =1 =B a1 (" =D =fs
25'T, AT . .
(fs: <23 o fe= (2;‘71,?}: v C=2" 704" D="‘""9")

Adding and multiplying the Eqgs.(6.7), we cbtain a system of equations for determining the
invariants C and D. Therefore from (€.7) we obtain

fe— 1o fs—1o

on_ LA N |
R T - A e E e

Now from (6.3) we find, in succession,

r(s)y=2g' (5)r(s), ds°=2]'ds (6.8)
B < d[Ag!
cos ¢ _%: ,L-:;.,M

ds ds



760

alds

e

Z5° {8) = — S A () sin @t (s)ds, ==

recall that expressions (6.5) hold for the biaxial zone, i.e. when the inequalities

We
(g >0, 5 >0) hold, we have

PR k4 dg
e S 4 — —_— 2 ~
rsng = sinig &F ' T :ng >0

when f = 1, we have according to (1.7)

. A AT )
Mo Ty=2ph "o AU Tg == 2uph {6.9)
n
Differentiating the above relations we obtain
Lo lng' = 2T Ag™ (hg T ) — AIRAGT (RTIT Y
: : (6.10)

2uhr =
& "'::’.)‘G“_*_}':h :

. e {__ }':;,}'gn (;'512‘5) ES (;“‘(n . 3‘\:”}‘5”) ‘:;-:}Te}‘l

2uhiy =
PRTCP

Passing now to the case of a uniaxial zone we note that for a shell of revolution {(Fig.2)}

we have
ds = Vauds' = Ry (q)dy. Ve =r = Rysing 6.4

Taking the first of the above relations into account, we transform (5.2) to the form
diey® (dgy — o' = R*

with the cbvious general soluticn

p=17dcosg — 3. A=esing = R
According to (6.11) and (5.1)
{8 = ¢ = const. d=0. ¢ =2¢
so that, passing to 7, and 7y (6.5) we fingd
1 2
R = e o= P o= A, == a
R = 7T 1 a r=R,sing - {6.12)
4, .
REEHE ol .-y [ ” =1
Irys=m— \ ——=", N4 I = =i, Ta=10
s ‘\ v ° Vo
G
7. Let us consider the shells of revclution whose deformed middie surfaces beicng tc the
two-parameter family
R. -
.1

[gl:._..___&_‘._...‘ R, = .
(4 — v spfgy e (1= vsmtg.

Here /10, 11/ ¢ = ( corresponds tc & sphere, y = —1 to a parabeloid, y < — | tc hyper-
boloids and 7 > ~ 1 to ellipscids of revclution.
Taking inte agccount (7.1, (6.50 and (6.6) we cbtain, for &

and taking into account the relation
b d o d 2
=TT R, 4 -9)
which follows from (€.4), we cbtain (h = const)
(7.4)

(7..72T) = Y gty [~ sin g cos ¢}
(77T = Y aghg [ sin g cos ¢ {3 = y sin® @)
Let us recall that the relations cbtained in Sect.7 hold only for the biaxial zones when
(7.2, when
§ < gy sin?g, =y (7.5

This implies that condition (7.5) impeses restrictions only on the elliptical shells of
= (g b)Y — 1 and singq, = e &) — 1]77« From

Te >0, Te >0, i.e. according tc

revelution, If 4,6 are the ellipse semiaxes, then y =
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this it follows /1/, in particular, that when b/a > 1/|/:?-; 0.7 or y<<1, the elliptical shell
is wholly in the biaxial stress state.

Computations were carried out for the potential (1.7) at B=1. 1In Fig. 4,a(y= 05 the
design forms corresponding to curve 1 are shown by curve 2(n= 2, 3= 0.88) and curve 3(n=4,
g = 6.18). Fig.4b shows the distribution of the quantities A,A; and #°%k (the dashed line)
corresponding to r=4. 1In Fig.5 (y=09) the design forms corresponding to curve l are: curve
2 (n=2, 3= 045 and curve 3 (n= 4, 5= 0.51). A property characteristic for sufficiently shallow
shells is cbserved: they become shorter during inflation.

~— .
;. ﬁﬂ\( A \A,‘ Y /R ; }
04 5 N m~~ ~ N‘O e —— 2 \T\
\ \ 17 Do N 312 ’—-Q\
02 \ AN 02 3 N
' J \\ N\ 24
\\ A 15 \ H
& gz o4 08 r/ky g 05 [ ] 82 &8¢ aé r;’ﬁs

Fig.4 Fig.5

8. When y>>1, only the part of the elliptical shell satisfying the condition (7.5) is
in a biaxial stress state. To complement the "missing” part, we must add to it the uniaxial
zone (6.12). The following obvious relations are used as conditions of coupling between the
uniaxial {(minus index) and biaxial (plus index) parts:

rr=rt gt=qn, (5T =0T, ®1)

The second of these relations ensures that there are no shearing forces which could not
be balanced against anything else in the zero-moment state. When the second relation holds,
the third one ensures the transfer of the vertical axial force across the line of coupling.

According to the last expression of (6.3) the natural requirement r* = r° (ensuring the
continuity of the design form) is equivalent to 2g* = A¢". The latter is given by the third
condition of (8.1) in accordance with (6,9) A’ = 7,7 and (3,77} = {7,717y}~ when p* =p -, 2t =
k7). The last equation, taking {(7.2) and (6.12) into account, shows that the biaxial and uni-
axial zone can be coupled to each other only when ¢ = ¢, (7.5). Moreover, the conditions
of coupling (8.1) imply that R™® = 0. ¢ = 8y':A,"%. Thus for the uniaxial zone (S = Ry~'+v]1'8)

i

Ry = —-—S— , re=Rysing=2S Vsing, z3=—35 g Vsingde (8.2
V'sing s
\ =1 'N - -1 - - =1 9 ghe
Le Ts= —, /s Te—(\, (/.9 T,) =-——-2—~ctg<(,
Vsing
(1.0Tg) =0

The first of the relations of (7.1} and (B.2) yield R, = R,". i.e. the curvature of the
middle surface is alsc continucus on the matching line.
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Thus, according to (7.2}, {(7.%) and (8.2).
(AT ) =G5 T, =phG/V2, (3'Te) =07 Te) =0

Substituting these expressions into (6.9}, we obtain

Mg =ty R =R =R IR =En2Y7D)
Substituting in turn the last expressions into (6.10), we obtain the following relations
along the matching line:
9&”"
2k (0) = —2ph 0/ =gy — e
5\;“+2h;"
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"ne __ QVT__’ _ 3"‘”“}'“;" ]
2 (0g) = LT [ T
n_ ¥ ¥—1 Ay
2 0y = L[] +2m]

Thus the quantities A,, Ay which are continuous along the matching line, have discontinuous
derivatives on this line. The relations (6.3), (6.8) yield

cos 9° = A" cos @ + rAg Ay’
from which we see that the discontinuity of X’ implies the discontinuity of the angle on the
design form.

Fig.6a shows a shell of revolution corresponding to y=3. Curve 1 corresponds to the
surface of a two-parameter family (7.1). <Curve 2 corresponds to the composite shell (with a
biaxial and uniaxial zones). Fig.6b shows the discontinuities in Ay’ and 4, on the matching
line (the dashed line) discovered above. A family of design forms depending on the value of
the parameter ¥ correspends to the composite shell 2. Here the longexr 3, the more the design
form differs from the loaded form. 1In the course of computations a limit form {(curve 3) was
discovered, corresponding to 3,, (at large values of &, the extension factors of A, 43 no
longer satisfy the ineguality

dare a [/ r
== ()] <
which follows from (6.8)).
It was noted by Kolpak that 5, corresponds to compression of the neighbourhood cf the

pole of the expanded form. He also proposed that 3, should be determined from the compression
condition (' = 8/ds°)

on i ..
Tot ey =G (cos:r‘(s‘)- L=r®"s =5~ r, s‘U,—...) (8.3
Here and henceforth the lower zero index denotes the values of the guantities when ¢=0.

Let us consider the compression condition. First, from (7.2), (7.4) and relations obtained
by differentiation of the latter we obtain, taking (7.3) and {(7.1) into account,

(' T o= A Tgle = phz, AT 00" = (A Tl =0

ey gt 3g7 (A e
Ay T )" =— Ayl (A Tgho =—3p.

Taking these equations into account we obtain, from (6.9), (6.10) and expressions obtained
by their differentiation,

Do = o= i (o = 27T, P gy =gy =0 8.4

2ung e

(5.5}

2l )-&.h e

Taking into account the third relation of (6.3), (7.3), (7.1) and (8.4), we obtain
re=0 1y =Rg 1" =0, 7,7 = k" — APRgE 8.6

Now the first relation of (6.8} and the above relations together yield

B2

=0t == 1, P =0, TOM - ?.:;} {7'0”' - 3}%0,]
This, together with (8,5), (8.6), implies that the first condition of (8.3) holds
identically and the second condition leads to the equation
Ry g

— 6.7
T

43y =
defining, together with (8.4) Z_... corresponding to the limiting possible design form. Fig.7
shows curves of I, for various n.
We note that the matter discussed in Sect.8 refers to the case when the uniaxial zone is
axisymmetric {without folds). The problem of the stability of such a stress-strain state
requires a special consideration.

The authors thank E.P. Kolpak for valuable comments and discussions.
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ON THERMOELASTIC STRESSES IN AN ASYMMETRICALLY HEATED HALF-SPACE’

L.N. GERMANOVICH, L.V. ERSHOV and I1.D. XILL

B guasistatic problem of thermoelasticity is considered for a half-space
in the case of convective heat exchange (boundary condition of the third
kind). 1In the case of boundary conditions of the first and second kind
all results are obtained in exactly the same manner. The exact solution
of the problem is found in the form allowing the construction of an
approximate sclution, simple and suitable for numerical computations and
based on the asymptotic expansion of the temperature and the stresses as
t--0. The problem is reduced to determining single integrals of simple
functions, and inmany cases the integrals can be expressed in terms of
elementary functions. The error of the approximate solution is estimated.
Unlike the results obtained earlier in /1-3/, the temperature
distribution in the medium adjacent to the half-space is not assumed to
be axisymmetric, i.e., a general asymmetric distribution is studied under
certain constraints that are not significant from the physical point of
view. Such asymmetric distributions are very common in practice /4/.
The results of this paper can be used to study the fracture of brittle
materials which can occur under the action of thermoelastic stresses /5/.
It should be noted that application of the numerical methods which
were successfully used in solving the symmetric problem of thermoelasticity
/6/ encounters, in the case of asymmetric, obvious difficulties caused
by the increased dimensionality of the problem.

1. The initial temperature of the elastic half-space :z.»( and the medium filling the
region z<< 0 is T = (. At the instant ¢ =0 the temperature of the medium rises instantaneously
and assumes the distribution (r, ¢. 2 are cylindrical coordinates)

O =01(r.¢).0((r.¢—21)=0( ¢ (1.1)
and the function © (r. ¢) can be written in the form of a Fourier series whose coefficients
admit of the n-th order Hankel transformation in r

O g)= 3 [8.1r)cosng =1, (Nsinng). Tolr)=0 (.2

f

8,7 (1) = H; [8, (N =\ 78, () J. (wr) di.

o
Ty =Hi[t.(r)), n=0,1,2,
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